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Abstract 

We introduce specular sets. These are subsets of groups which form a natural 
generalization of free groups. These sets of words are an abstract general¬ 
ization of the natural codings of interval exchanges and of linear involutions. 
We consider two important families of sets contained in specular sets: sets 
of return words and maximal bihx codes. For both families we prove several 
cardinality results as well as results concerning the subgroup generated by 
these sets. 
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1. Introduction 

We have studied in a series of papers initiated in the links between 
uniformly recurrent languages, subgroups of free groups and bifix codes. In 
this paper, we continue this investigation in a situation which involves groups 
which are not free anymore. These groups, named here specular, are free 
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products of a free group and of a finite number of cyclic groups of order 
two. These groups are close to free groups and, in particular, the notion of a 
basis in such groups is clearly dehned. It follows from the Kurosh subgroup 
theorem that any subgroup of a specular group is specular. A specular set 
is a subset of such a group which generalizes the natural codings of linear 
involutions studied in [l^. It is a set of words stable by taking the inverse 
and dehned in terms of restrictions on the extensions of its elements. 

The main results of this paper are Theorems 16.151 and 18.11 referred to as 
the First Return Theorem and the Finite Index Basis Theorem. The hrst one 
asserts that the set of return words to a given word in a recurrent specular 
set is a basis of a subgroup of index 2, called the even subgroup. The last 
one characterizes the symmetric bases of subgroups of hnite index of specular 
groups contained in a specular set S as the hnite F-maximal symmetric bihx 
codes contained in S. This generalizes the analogous result proved initially 
in for Sturmian sets and extended in [sj to a more general class of sets, 
containing both Sturmian sets and interval exchange sets. 

There are two interesting features of the subject of this paper. 

In the hrst place, some of the statements concerning the natural codings 
of linear involutions can be proved using geometric methods, as shown in a 


separate paper jl^. This provides an interesting interpretation of the groups 


playing a role in the natural codings (these groups are generated either by 
return words or by maximal bihx codes) as fundamental groups of some 
surfaces. The methods used here are, however, purely combinatorial. 

In the second place, the abstract notion of specular set gives rise to groups 
called here specular. These groups are natural generalizations of free groups, 
and are free products of a hnite number of copies of Z and of Z/2Z. They 
are called free-like in and appear at several places in (l^ . 

The idea of considering recurrent sets of reduced words invariant by taking 
inverses is connected with the notion of G-full words of (see Section |4A|) . 

The paper is organized as follows. In Section |2l we recall some notions 
concerning words, extension graphs and bihx codes. We dehne the notion 
of characteristic which is the Euler characteristic of the extension graph of 
the empty word. We consider tree sets of characteristic 1 or 2 (tree sets of 
characteristic 1 are introduced in , while the case of arbitrary characteristic 
is treated in (l^). 

In Section |3l we introduce specular groups, which form a family with 
properties very close to free groups. We deduce from the Kurosh subgroup 
theorem that any subgroup of a specular group is specular (Theorem | 
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In Section m we introdnce specular sets. We recall several results from [18 
and [l^ concerning the cardinality of some sets included in neutral sets, 
namely bifix codes fTheorems 14.151 and 14.16l) . We give a construction which 
allows to build specular sets from a tree set of characteristic 1 using a trans¬ 
ducer called doubling transducer (Theorem 14.20 1. We make a connection 
with the notion of G-full words introduced in |3l| and related to the palin¬ 
dromic complexity of j^. 

In Section [5] we recall the dehnition of a linear involution introduced 
in 1^1 and we show that the natural coding of a linear involution without 
connections is a specular set iTheorem 15.Op . 

In Section O we introduce three variants of the notion of set of return 
words. We prove several cardinality results concerning these sets (Theo¬ 
rems 16.6116.9116.12p . We prove that the set of return words to a given word 
forms a basis of the even subgroup (Theorem 16.151 referred to as the First 
Return Theorem) and that the mixed return words form a monoidal basis of 
the specular group fTheorem I6.17p . 

In Section [7] we prove several results concerning subgroups generated by 
bihx codes. We prove that a set closed by taking inverses is acyclic if and 
only if any symmetric bihx code is free fTheorem 17.111 . Moreover, we prove 
that in such a set, for any hnite symmetric bihx code X, the free monoid X* 
and the free subgroup (X) have the same intersection with S fTheorem 17.8p . 

Finally, in Section |H1 we prove the Finite Index Basis Theorem (Theo¬ 
rem [STT]) and a converse fTheorem 18.6p . 


Acknowledgments. This paper is an extended version of a conference pa¬ 
per [^. The authors thank Laurent Bartholdi and Pierre de la Harpe for 
useful indications. This work was supported by grants from Region Ile-de- 
France, the ANR projects DynaSS and Eqinocs. 


2. Preliminaries 

In this section, we hrst recall some notions on sets of words including 
recurrent, uniformly recurrent and tree sets. We also recall some dehnitions 
and properties concerning bihx codes. 

2.1. Extension graphs 

Let A be a hnite alphabet. We denote by A* the free monoid on A. We 
denote by e the empty word. The reversal of a word w = 0102 • • - an with 


4 























tti E A is the word w = Qn - ■ ■ a 2 ai. A word w is said to be a palindrome if 
w = w. 

A set of words on the alphabet A is said to be factorial if it contains the 
alphabet A and all the factors of its elements. 

An internal factor of a word a; is a word v snch that x = uvw with n, w 
nonempty. 

Let S' be a set of words on the alphabet A. For w E S, we denote 


Lsiw) = {a E A \ aw E S} 

Rs{w) = {a E A \ wa E S} 

Bs{u!) = {{a,b) E A X A \ awb E S} 


and fnrther 


is{w) = CaidiL s{w)), rs{w) = CaTd{Rs{w)), bs{w) = CaTd{Bs{w)). 

We omit the snbscript S when it is clear from the context. A word w is right- 
extendable if r{w) > 0, left-extendable if i{w) > 0 and biextendable if b{w) > 
0. A factorial set S is called right-extendable (resp. left-extendable, resp. 
biextendable) if every word in S is right-extendable (resp. left-extendable, 
resp. biextendable). 

A word w is called right-special if r{w) > 2. It is called left-special if 
£{w) > 2. It is called bispecial if it is both left-special and right-special. 

For w E S, we denote 

ms{w) = bs{w) - is{w) - rsiw) -h 1. 

The word w is called weak if ms{w) < 0, neutral if ms{w) = 0 and strong if 
ms{w) > 0. 

We say that a factorial set S is neutral if every nonempty word in S is 
neutral. The characteristic of S is the integer xiS) = 1 — ms{e). Thus a 
neutral set of characteristic 1 is such that all words (mcluding the empty 
word) are neutral. This what is called a neutral set in [7|. 

A set of words S ^ {e:} is recurrent if it is factorial and if for any u,w E S, 
there is a n G S' such that uvw E S. An inhnite factorial set is said to be 
uniformly recurrent if for any word u E S there is an integer n > 1 such 
that M is a factor of any word of S of length n. A uniformly recurrent set is 
recurrent. 

In 


19| it is proved that the converse is true for neutral sets. As all sets 


we will deal with are neutral, we usually omit the term “uniformly” and just 
mention whenever we suppose them to be recurrent. 
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Theorem 2.1 



A recurrent neutral set is uniformly recurrent 


The factor complexity of a factorial set S of words on an alphabet A is 
the sequence pn = Card(S' fl A"). Let = Pn+i — Pn and tn = s^+i — Sn be 
respectively the hrst and second order differences sequences of the sequence 


Pn 


The following result is from 


see also Hj], Theorem 4.5.4). 


Proposition 2.2 Let S be a factorial set on the alphabet A. One has tn = 
and s„ = J2wesnAni.r{w) - 1) for all n>0. 

Let S' be a biextendable set of words. For w G S', we consider dehne the 
undirected graph Ss{uj), or simply S{w) when S' is clear from the context, 
having as set of vertices the disjoint union of L{w) and R{w) and edges the 
pairs (a, 6) G B{w). This graph is called the extension graph of w. We 
sometimes denote 1 0 L{w) and R{w) 0 1 the copies of L{w) and R{w) used 
to dehne the set of vertices of S{w). We note that, since S{w) has i{w)+r{w) 
vertices and e{w) edges, the number 1 — m{w) is the Euler characteristic of 
the graph S(w)0. 

If the extension graph 8{w) is acyclic, then m{w) < 0. Thus w is weak 
or neutral. More precisely, one has in this case that c = 1 — m{w) is the 
number of connected components of the graph S{w). 

A biextendable set S is called acyclic if for every w E S, the graph S{w) 
is acyclic. 

A biextendable set S is called a tree set of characteristic c if for any 
nonempty tc G S', the graph S{w) is a tree and if £{e) is a union of c trees 
(the dehnition of tree set in corresponds to a tree set of characteristic 1). 
Note that a tree set of characteristic c is a neutral set of characteristic c. We 
focus here on characteristic 1 or 2 (specular sets, that we will introduce in 
Section m are tree sets of characteristic 2 with some symmetric properties). 

An inhnite word is episturmian if the set of its factors is closed under 
reversal and if it contains for each n at most one word of length n which 
is right-special. It is a strict episturmian word if the set of its factors has 
exactly one right-special word of each lei^th and moreover each of these 
words u is such that r{u) = Card(A) (see j^). 


'^We consider here graphs as 1-dimensional complexes and thus they have no faces. 
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A Sturmian set is the set of factors of a strict episturmian word. Any 
Sturmian set is a recurrent tree set of characteristic 1 (see [^). 

Example 2.3 Let A = {a, 6}. The Fibonacci morphism is the morphism 
f : A* —)■ A* dehned by /(a) = ab and f{b) = a. The Fibonacci word is the 
hxed-point f‘^{a) of the Fibonacci morphism. Its set of factors is a Sturmian 



2.2. Bifix codes 

A prefix code is a set of nonempty words which does not contain any 
proper prehx of its elements. A suffix code is dehned symmetrically. A bifix 
code is a set which is both a prehx code and a suffix code (see for a more 
detailed introduction). 

A coding morphism for a prehx code X on the alphabet A is a morphism 
f : B* ^ A* which maps bijectively B onto X. 

Let S' be a recurrent set. A prehx (resp. bihx) code X C S is S-maximal 
if it is not properly contained in a prehx (resp. bihx) code Y (Z S. Since S 
is recurrent, a hnite S-maximal bihx code is also an S-maximal prehx code 
(see j^, Theorem 4.2.2). 

For example, for any n > 1, the set X = S fl A” is an S-maximal bihx 
code. 

Let X be a bihx code. Let Q be the set of words without any suffix in 
X and let P be the set of words without any prehx in X. A parse of a word 
w with respect to a bihx code X is a triple {q,x,p) E Q x X* x P such 
that w = qxp. We denote by dx{w) the number of parses of a word w with 
respect to X. The S-degree of X, denoted dx{S), is the maximal number of 
parses with respect to X of a word of S. 

For example, the set X = S fl A"' has S-degree n. 

Let S be a recurrent set and let X be a hnite bihx code. By Theorem 
4.2.8 in j^, X is S-maximal if and only if its S-degree is hnite. Moreover, in 
this case, a word w E S is such that dxiw) < dx{S) if and only if it is an 
internal factor of a word of X. 

The kernel of a bihx code X is the set of words of X which are internal 
factors of X. 

We will use bihx codes in relation with a more general version of extension 
graphs (see [^). For two sets of words X,Y and a word w E S, we denote 
Lg{w) = {x E X \ xw E S}, R^{w) = {y E Y \ wy E S}, Bg’^{w) = 
{{x,y) E X xY I xwy G S}. We also dehne Sg’^{w) as the undirected graph 
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on the set of vertices which is the disjoint union of L^{w) and E^{w) and 
edges in {w). Set further 

£g(w) = Card(L^(i/;)), rg{w) = Card(-Rg(w)), {w) = Card(i?^’^(w)). 

Finally, for a word w, we denote {w) = (w) — ~ 

Note that Sg’^{w) = £s{w), mp^{w) = ms{w), and so on. 

We will use below the following result. 


Proposition 2.4 Let S be a recurrent set, let X G S be a finite S-maximal 
suffix code and let Y G S be a finite S-maximal prefix code. 


1. If 8s{x) is acyclic, then Eg{x) is acyclic. 

2. If S is neutral, then mg {w) = ms{w) for every w E S. 


Proof. Statement 1 follows from Proposition 3.7 in [^. Statement 2 is Propo¬ 


sition 6.2 in 19 


Observe that the condition that X (resp. Y) is an F-maximal suffix 
(resp. prehx) code is only necessary for Assertion 2 (for Assertion 1, X 
(resp. Y) may be an arbitrary suffix (resp. prehx) code). Observe also 
that this condition can be replaced by the condition that X (resp. Y) is 
an S'w^^-maximal suffix code (resp. a ta^^S'-maximal prehx code), where 
Sw~^ = {m G S' I uw G S'} and symmetrically w~^S = {m G S' | wu G S'}. 


3. Specular groups 

In this section, we introduce specular groups and we prove some properties 
of this family of groups. In particular, using the Kurosh subgroup theorem, 
we prove that any subgroup of a specular group is specular fTheorem 13.3p . 

3.1. Definitions 

We consider an alphabet A with an involution 9 ■. A ^ A, possibly with 
some hxed points. We also consider the group Ge generated by A with the 
relations a9{a) = e for every a E A. Thus 6{a) = a~^ for a E A. The set A 
is called a natural set of generators of Gq. 

When 6 has no hxed point, we can set A = B U B~^ by choosing a set 
of representatives of the orbits of 6 for the set B. The group Gg is then the 
free group on B, denoted Fb. In general, the group Gg is a free product of a 
free group and a hnite number of copies of Z/2Z, that is Gg = Z** * ifL/TL)*^ 





where i is the number of orbits of 6 with two elements and j the number of its 
fixed points. Such a group will be called a specular group of type (i, j). These 
groups are very close to free groups, as we will see. The integer Card(74) = 
2i + j is called the symmetric rank of the specular group Z*® * (Z/2Z)*T 

Proposition 3.1 Two specular groups are isomorphic if and only if they 
have the same type. 

Proof. The commutative image of a group of type {i,j) is Z* x (Z/2Z)-^ 
and the uniqueness of i,j follows from the fundamental theorem of hnitely 
generated Abelian groups. ■ 

Example 3.2 Let A = {a, b, c, d} and let 6 be the involution which ex¬ 
changes b,d and hxes a,c. Then Gg = T. * (Z/2Z)^ is a specular group of 
symmetric rank 4. 

The Cayley graph of a specular group Gg with respect to the set of natural 
generators A is a regular tree where each vertex has degree CardfA). The 
specular groups are actually characterized by this property (see |l7l|). 

3.2. Subgroups 

By the Kurosh subgroup theorem, any subgroup of a free product Gi * 
G 2 * • • • * Gn is itself a free product of a free group and of groups conjugate to 
subgroups of the Gi (see (27|). Thus, we have, replacing the Nielsen-Schreier 
Theorem of free groups, the following result. 

Theorem 3.3 Any subgroup of a specular group is specular. 

It also follows from the Kurosh subgroup theorem that the elements of 
order 2 in a specular group Gg are the conjugates of the j hxed points of 6 
and this number is thus the number of conjugacy classes of elements of order 
2. Indeed, an element of order 2 generates a subgroup conjugate to one of 
the subgroups generated by the letters of order 2. 

Any specular group G = Gg has a free subgroup of index 2. Indeed, let H 
be the subgroup formed of the reduced words of even length. It has clearly 
index 2. It is free because it does not contain any element of order 2 (such 
an element is conjugate to a fixed point of 9 and thus is of odd length). 

A group having a free subgroup of finite index is called virtually free (see 
E)- On the other hand, a finitely generated group is said to be context-free 
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if, for some presentation, the set of words equivalent to £ is a context-free 
language. By Muller and Schupp’s theorem, a hnitely generated group is 
virtually free if and only if it is context-free j^. Thus a specular group is 
context-free. One may verify this directly as follows. A context-free grammar 
generating the words equivalent to £ for the natural presentation of a specular 
group G = Gg is the grammar with one nonterminal symbol a and the rules 

a aaa~^a (a G A), a —f e. 

The proof that this grammar generates the set of words equivalent to e is 
similar to that used in for the so-called Dyck-like languages. 

We will need two more properties of specular groups. Both are well-known 
to hold for free groups. 

A group G is called residually finite if for every element g ^ e of G, there 
is a morphism (p from G onto a hnite group such that (p{g) 7 ^ £. 

Proposition 3.4 Any specular group is residually finite. 

Proof. Let iL be a free subgroup of index 2 in the specular group G. Let 
5 ^ 7 ^ 1 be in G. If g ^ K, then the image of g in G/K is nontrivial. Assume 
g & K. Since K is free, it is residually hnite. Let A^ be a normal subgroup 
of hnite index of K such that g ^ N. Consider the representation of G on 
the right cosets of N. Since g ^ N, the image of g in this hnite group is 
nontrivial. ■ 


A group G is said to be Hopfian if any surjective morphism from G onto G 
is also injective. By a result of Malcev, any hnitely generated residually hnite 
group is Hophan (see p. 197). We thus deduce from Proposition [TH the 
following result. 


Proposition 3.5 A specular group is Hopfian. 


3.3. Monoidal basis 

A word on the alphabet A is 9-reduced (or simply reduced) if it has no 
factor of the form a9{a) for a G A. It is clear that any element of a specular 
group is represented by a unique reduced word. 

A subset of a group G is called symmetric if it is closed under taking 
inverses. A set A in a specular group G is called a monoidal basis of G 
if it is symmetric, if the monoid that it generates is G and if any product 
X 1 X 2 ■ ■ ■ Xm of elements of X such that x^Xk+i 7 ^ £ for 1 < /c < m — 1 is 
distinct of £. 


10 





Example 3.6 The alphabet A is a monoidal basis of Gq. 

The previous example shows that the symmetric rank of a specular group 
is the cardinality of any monoidal basis (two monoidal bases have the same 
cardinality since the type is invariant by isomorphism by Proposition 13.11) . 

Let H he a subgroup of a specular group G. Let Q be a set of reduced 
words on A which is a prefix-closed set of representatives of the right cosets 
Hg of H. Such a set is traditionally called a Schreier transversal for H (the 
proof of its existence is classical in the free group and it is the same in any 
specular group). 

Let 

X = {paq~^ \ a e A,p,q e Q,pa ^ Q,pa e Hq}. (3.1) 

Each word x oi X has a unique factorization paq~^ with p,q E Q and a E A. 
The letter a is called the central part of x. The set X is a monoidal basis of 
H, called the Schreier basis relative to Q. 

Proposition 3.7 Let H and Q he as above and let X be a Schreier basis 
relative to Q. Then X is closed by taking inverses. 

Proof. Let x = paq~^ G X, then x~^ = qa~^p~^. We cannot have qa~^ G Q 
since otherwise p G Hqa~^ implies p = qa~^ by uniqueness of the coset 
representative and hnally pa E Q. It generates H as a. monoid because if 
X = 0 x 02 • • - dm £ H with Oi G A, then x = (aiPi~^)(Pi® 2 P^^) ■ • • (Pm-i^m) 
with Oi • • ■ dfc G Hpk for l<k<m — 1 is a factorization of x in elements 
of X U {1}. Finally, if a product XiX 2 ■■■ Xm of elements of X is equal to 1, 
then XkXk+i = 1 for some index k since the central part a never cancels in a 
product of two elements of X. ■ 

One can deduce directly Theorem 13.31 from these properties of X. 

Proof of Theorem 13.31 Let H he a subgroup of a specular group G, Q be 
a Shreier transversal for PI and X be the Schreier basis relative to Q. Let 
Lf ■. B ^ X he a bijection from a set B onto X which extends to a morphism 
from B* onto PI. Let a \ B ^ B he the involution sending each 6 to c where 
(p{c) = ip{b)~^. Since the central parts never cancel, if a nonempty word 
w E B* is (T-reduced then (p{w) ^ e. This shows that H is isomorphic to the 
group Gcr- Thus H is specular. ■ 

If FT is a subgroup of index n of a specular group G of symmetric rank r. 
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the symmetric rank s of H is 


s = n(r-2) + 2. (3.2) 

This formula replaces Schreier’s Formula (which corresponds to the case j = 
0). It can be proved as follows. Let Q be a Schreier transversal for H and 
let X be the corresponding Schreier basis. The number of elements of X is 
nr — 2{n — 1). Indeed, this is the number of pairs {p,a) & Q x A minus the 
2(n — 1) pairs (p, a) such that pa E Q with pa reduced oi pa E Q with pa 
not reduced. This gives Formula fl3.2p . 

Example 3.8 Let G be the specular group of Example 13.21 Let H be the 
subgroup formed by the elements represented by a reduced word of even 
length. The set Q = {e, a} is a prehx-closed set of representatives of the two 
cosets of H. The representation of G by permutations on the cosets of H is 
represented in Figure EUl 


a, 6, c ,d 



a, b, c, d 

Figure 3.1: The representation of G by permutations on the cosets of H. 


The monoidal basis corresponding to Formula fl3.ip is X = {ab, ac, ad, ba, ca, da}. 
The symmetric rank of if is 6, in agreement with Formula fl3.2p and if is a 
free group of rank 3. 

Example 3.9 Let again G be the specular group of Example 13.21 Consider 
now the subgroup K stabilizing 1 in the representation of G by permutations 
on the set {1, 2} of Figure 13.21 


b, d 



b, d 

Figure 3.2: The representation of G by permutations on the cosets of K. 

We choose Q = {e,b}. The set X corresponding to Formula fl3.ip is 
X = {a, bad, bb, bed, c, dd}. The group K is isomorphic to Z * (Z/2Z)*'^. 
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The following result, which will be used later (Section^]), is a consequence 
of Proposition 13.51 

Proposition 3.10 Let G be a speeular group of type {i,j) and let X C G 
be a symmetric set with 2i + j elements. If X generates G, it is a monoidal 
basis ofG. 

Proof. Let A be a set of natural generators of G. Considering the commuta¬ 
tive image of G, we obtain that X contains j elements of order 2. Thus there 
is a bijection ip from A onto X such that (p{a~^) = (p{a)~^ for every a & A. 
The map p extends to a morphism from G to G which is surjective since X 
generates G. Then p being surjective, it also injective since G is Hophan, 
and thus X is a monoidal basis of G. ■ 


4. Specular sets 


In this section, we introduce specular sets. We introduce odd and even 
words and the even code which play an important part in the sequel. We 
prove that the decoding of a recurrent specular set by the even code is a 
union of two recurrent tree sets of characteristic 1 (Theorem 14.131) . We 
exhibit a family of specular sets obtained as the result of a transformation 
called doubling, starting from a tree set of characteristic 1 and invariant by 
reversal fTheorem 14. 201) . In the last part, we relate specular sets with full and 
G-full words, a notion linked with palindromic complexity and introduced 

3 - 


m 


f.l. Definition 

We assume given an involution 6 on the alphabet A generating the spec¬ 
ular group Gq. 

A symmetric biextendable (and thus factorial) set S of reduced words on 
the alphabet A is called a laminary set on A relative to d (following [l^ 
and |2^). Thus the elements of a laminary set S are elements of the specular 
group Gff and the set S is contained in G^. 

A specular set is a laminary set on A which is a tree set of characteristic 
2. Thus, in a specular set, the extension graph of every nonempty word is 
a tree and the extension graph of the empty word is a union of two disjoint 
trees. 

The following is a very simple example of a specular set. 
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Example 4.1 Let A = {a, 6 } and let 0 be the identity on A. Then the set 
of factors of (ab)‘^ is a specular set (we denote by the word x inhnitely 
repeated). 

The next example is due to Julien Cassaigne. We frequently refer to it in 
next sections. 

Example 4.2 Let A = {a, b, c, d} and let S be the set of factors of the fixed 
point a‘^{a) of the morphism a from A* into itself defined by 

a{a) = ab, a{b) = cda, a(c) = cd, a{d) = abc. 


Figure 4.1: The extension graph fs(e)- 

The extension graph of £ is shown in Figure ITTl It is shown in [3, Example 
3.4] that S' is a tree set of characteristic 2. We will see later (Example I4.23P 
that S' is a specular set relative to the involution 6 = (bd). 

The following result shows in particular that in a specular set the two trees 
forming S(e) are isomorphic since they are exchanged by the bijection (a, b) —)■ 
( 6 -^a-l). 

Proposition 4.3 Let S be a specular set. Let To, 7i be the two trees such 
that S(e) = To U7i. For any a,b E A and i = 0,1, one has (1 ® a, 6 ® 1) € Ti 
if and only if (1 ® b~^, a~^ ® 1) G Ti_j. 

Proof. Assume that (1 (g) a, 6 0 1 ) and (1 0 0 1 ) are both in To- 

Since To is a tree, there is a path from 1 0 a to a~^ 0 1. We may assume 
that this path is reduced, that is, does not use consecutively twice the same 
edge. Since this path is of odd length, it has the form (uq, Vi, Ui,..., Up, Vp) 
with Mo = 1 0 a and Vp = a~^ 0 1. Since S is symmetric, we also have a 
reduced path • • • ,uf^,UQ^) which is in £{e) (for w* = 1 0 a*, we 

denote 0 1 and similarly for v~^) and thus in % since % and 

Ti are disjoint. Since = uq, these two paths have the same origin and 
end. But if a path of odd length is its own inverse, its central edge has the 
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form (x,?/) with x = as one verifies easily by induction on the length 
of the path. This is a contradiction with the fact that the words of S are 
reduced. Thus the two paths are distinct. This implies that £{e) has a cycle, 
a contradiction. ■ 


Following again the terminology of we say that a laminary set S is 


orientable if there exist two factorial sets 5+, such that S = S+U with 
5+ n S'- = {e} and for any x E S, one has x G S_ if and only if x~^ G S+ 
(where x~^ is the inverse of x in Gg). 

The following result shows in particular that for any tree set T of charac¬ 
teristic 1 on the alphabet B, the set TUT“^ is a specular set on the alphabet 
A = BUB-\ 


Theorem 4.4 Let S be a specular set on the alphabet A. Then, S is ori¬ 
entable if and only if there is a partition A = A+UA^ of the alphabet A and a 
tree set T of characteristic 1 on the alphabet B = A+ such that S = TUT~^. 


Proof. The condition is trivially sufficient. Let us prove it is necessary 
and suppose that S is a specular set on the alphabet A which is orientable. 
Let (S+,S_) be the corresponding pair of subsets of S. The sets S+,S- 
are biextendable, since S is. Set A^ = A n 5"+ and A_ = ^4 fl S'-. Then 
A = A^ U A_ is a partition of A and, since S'-,S'+ are factorial, we have 
5'+ C A’f and S'- C Af. Let To, 7i be the two trees such that £{e) = To UTi. 
Assume that a vertex of To is in A+. Then all vertices of To are in A+ and 
all vertices of Ti are in A_. Moreover, = To and = Ti- Thus 

S'+, S'- are tree sets of characteristic 1. ■ 


The following result follows easily from Proposition 12.21 (see 
sition 2.4] for details). 


191 Propo- 


Proposition 4.5 The factor complexity of a specular set containing the al¬ 
phabet A is given by pq = 1 andpn = n{k — 2)-\-2 forn > 1 with k = Card(A). 


4 . 2 . Odd and even words 

We introduce a notion which plays, as we shall see, an important role in 
the study of specular sets. Let S' be a specular set. Since a specular set is 
biextendable, any letter a E A occurs exactly twice as a vertex of £{e), one 
as an element of L{e) and one as an element of R{e). A letter a G A is said 
to be even if its two occurrences appear in the same tree. Otherwise, it is 
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said to be odd. Observe that if a specular S is recurrent, there is at least one 
odd letter. 

Example 4.6 Let S be the set of factors of {ab)‘^ as in Example 14.11 Then 
a and b are odd. 

Example 4.7 Let S be the set of Example 14.21 The letters b,d are even, 
while a and c are odd. 

Let S' be a specular set. A word w G S is said to be even if it has an even 
number of odd letters. Otherwise it is said to be odd. The set of even words 
has the form X* O S where X C S is a bihx code, called the even code. The 
set X is the set of even words without a nonempty even prehx (or suffix). 

Proposition 4.8 Let S be a recurrent specular set. The even code is an 
S-maximal bifix code of S-degree 2. 

Proof. Let us verify that any w G S is comparable for the prehx order with 
an element of the even code X. If w is even, it is in X* . Otherwise, since S 
is recurrent, there is a word u such that wuw G S'. If u is even, then wuw 
is even and thus wuw G X*. Otherwise wu is even and thus wu G X*. This 
shows that X is S'-maximal. The fact that it has S'-degree 2 follows from 
the fact that any product of two odd letters is a word of X which is not an 
internal factor of X and has two parses. ■ 

Example 4.9 Let S be the specular set of Example 14.21 The letters b, d are 
even and the letters a, c are odd. The even code is 

X = {abc, ac, b, ca, cda, d}. 

Denote by 7o,7i the two trees such that £(e) = To U 71. We consider 
the directed graph Q with vertices 0,1 and edges all the triples {i,a,j) for 
0 < f, j < 1 and a & A such that (1 <8 6, a (8) 1) G 71 and (1 (D a, c 0 1) G 7) 
for some b,c ^ A. The graph Q is called the parity graph of S. Observe that 
for every letter a E A there is exactly one edge labeled a because a appears 
exactly once as a left (resp. right) vertex in 8 {e). 

Example 4.10 Let S be the specular set of Example 14.21 The parity graph 
of S is represented in Figure where we assume that To is the tree on the 
left of Figure im and 7i is the tree on the right of Figure ITTl 
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Figure 4.2: The parity graph. 


Proposition 4.11 Let S be a specular set and let Q be its parity graph. Let 
Sij be the set of words in S which are the label of a path from i to j in the 
graph Q . 

(1) The family {Sij \ {£})o<ij<i is a partition of S \ {e}. 

(2) For u G Sij \ {e} and v G Sk/ \ {e}, if uv G S, then j = k. 

(3) 5*0 0 U S*!! is the set of even words. 

(4) s-^ = 

Proof. We first note that for a,b E A such that ab G S, there is a path in 
Q labeled ab. Since (a, b) G S{e), there is a /c such that (1 ® a, 6 ® 1) G 7^. 
Then we have a G Si^k and b G Skj for some i,j G {0,1}. This shows that 
ab is the label of a path from i to j in Q. 

Let us prove by induction on the length of a nonempty word w E S that 
there exists a unique pair i,j such that w E Sij. The property is true for a 
letter, by dehnition of the extension graph S (e) and for words of length 2 by 
the above argument. Let next w = ax be in S' with a E A and x nonempty. 
By induction hypothesis, there is a unique pair (fc, j) such that x G S^j. Let 
b be the hrst letter of x. Then the edge of Q with label b starts in k. Since 
ab is the label of a path, we have a E Si^k for some i and thus ax E Sij. The 
other assertions follow easily (Assertion (4) follows from Proposition 14.3p . 


Note that Assertion (4) implies that no nonempty even word is its own in¬ 
verse. Indeed, Sq q = Si^i and S{(J = So,o- 

Proposition 4.12 Let S be a specular set. If x,y E S are nonempty words 
such that xyx~^ E S, then y is odd. 

Proof. Let i,j be such that x E Sij. Then x~^ G by Assertion (4) 

of Proposition 14.111 and thus y E by Assertion (2). Thus y is odd by 

Assertion (3). ■ 

The following result is the counterpart for recurrent specular sets of the 
main result of [9|, Theorem 6.1] asserting that the family of (uniformly) recur¬ 
rent tree sets of characteristic 1 is closed under maximal bihx decoding. Let 
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S' be a recurrent set and let / be a coding morphism for a finite S'-maximal 
bifix code X. The set is called a decoding of S by X. 

Theorem 4.13 (Even code decoding Theorem) The decoding of a re¬ 
current specular set by the even code is a union of two recurrent tree sets of 
characteristic 1. More precisely, let S be a recurrent specular set and let f 
be a coding morphism for the even code. Then /“^(So,o) and /“^(S'l^) are 
recurrent tree sets of characteristic 1. 

Proof. We show that Tq = /“^(S'o,o) is a recurrent tree set of characteristic 
1. The proof for /“^(S' 1 , 1 ) is the same. 

First, To is biextendable, as one may easily verify. Next, since S is recur¬ 
rent, it is uniformly recurrent by Theorem 12.11 Thus for every u E S there 
exists u > 1 such that u is a factor of any word tc in S' of length n. But if 
u,w E S' 0,0 are such that w = iur, then i,r E S'o,o- Thus Tq is recurrent. 

We now show that Tq is a tree set of characteristic 1. Let X be the even 
code and set Xq = X H S' 0,0 and Xi = X H Si^i. 

It is enough to show that = Sg°'^°{w) is a tree for any w E S' 0 , 0 - 

Note hrst that = £g (w). Indeed, for w E Sop and x,y E X such 

that xwy E S, one has x,y E Xq and xwy E Sop. 

First, for any nonempty word w E Sop, since Sg(tc) = Sg (w), the graph 
is a tree by Proposition 12.41 

Next, let us show that the graph is a tree. First, since 

is a union of two trees, it is acyclic, and thus the graph is acyclic 

by Proposition 12.41 Next, since S is neutral, by Proposition 12.41 we have 
= ms{e) = — 1. This implies that {e) is a union of two trees. 
Since is the disjoint union of and this implies that 

each one is a tree. ■ 

Example 4.14 Let S be the set of Example 14.21 Recall that it is the set of 
factors of the hxed point of the morphism 

a : a i-E- ab, b cda, c cd, d 1 —)■ abc. 

The even code X is given in Example 14.91 Let S = {a, b, c, d, e, /} and let g 
be the coding morphism for X given by 

a abc, b ^ ac, b, ca, e 1 —)■ cda, f ^ d. 
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The decoding of S' by X is a union of two tree sets of characteristic 1 which 
are the set of factors of the fixed point of the two morphisms 

a I—)■ afbf, b i—)■ af, f ^ a 


and 


c I—)■ e, d ec, e ecdc. 


These two morphisms are actually the restrictions to {a, b, /} and {c, d, e} of 
the morphism g~^ag. 


4-3. Bifix codes in specular sets 

Recall from Section |2] that the characteristic of a set S is given by VIS') = 


The following result is from [19|]. We will use it for specular sets. 


Theorem 4.15 Let S be a recurrent neutral set containing the alphabet A. 
For any finite S-maximal bifix code X of S- degree d = dx{S), one has 

Card(X) = d(Card(R) - x(^)) + x{S). 

We can apply Theorem 14.151 to recurrent specular sets. 


Theorem 4.16 (Cardinality Theorem for bifix codes) Let S be a re¬ 
current specular set containing the alphabet A. For any finite S-maximal 
hifix code X, one has 

Card(X) = dx{S){CciTd{A) - 2) + 2. (4.1) 

Proof. Since S is specular, we have x{S) = 2 and thus the statement follows 
directly from Theorem 14.151 ■ 


Example 4.17 Let S be the specular set of Example 14.21 The even code 
(given in Example 14.bh is an S'-maximal code of S'-degree 2. We have 
Card(X) = 6 in agreement with Theorem 14.151 

The following statement is a partial converse of Theorem 14.151 

Theorem 4.18 Let S be a uniformly recurrent luminary set containing the 
alphabet A. If the graph S{e) is acyclic and if any finite S-maximal bifix code 
of S-degree d has d{Card{A) — 2) + 2 elements, then S is specular. 
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To prove Theorem 14.181 we use the following result, which can be proved 
in the same way as Theorem 3.12 in j^, using internal transformations. 

Proposition 4.19 Let S be a recurrent set containing the alphabet A and 
let do > 2. If all finite S-maximal bifix codes of S-degree d > do have the 
same cardinality, then any word of length greater than or egual to do — I is 
neutral. 

Theorem 14.181 results from Proposition 14.19l applied with do = 2. 

4.4- Doubling maps 

We now introduce a construction which allows one to build specular sets. 
This is a particular case of the multiplying maps introduced in [l9|. 

A transducer is a labeled graph with vertices in a set Q and edges labeled 
in E X A. The set Q is called the set of states, the set S is called the input 
alphabet and A is called the output alphabet. The graph obtained by erasing 
the output letters is called the input automaton (with an unspecihed initial 
state). Similarly, the output automaton is obtained by erasing the input 
letters. 

Let A be a transducer with set of states Q = {0,1} on the input alphabet 
E and the output alphabet A. We assume that 

1. the input automaton is a group automaton, that is, every letter of E 
acts on Q as a permutation 

2 . the output labels of the edges are all distinct. 

We dehne two maps : E* —)■ A* corresponding to initial states 0 and 1 
respectively. Thus ho('w) = v (resp. 5i(n) = v) if the path starting at state 0 
(resp. 1) with input label u has output v. The pair S_a = is called a 

doubling map and the transducer A a doubling transducer. 

The image of a set T on the alphabet E by the doubling map hi is the 
set S = 5o{T)u5i{T). 

If A is a doubling transducer, we dehne an involution as follows. For 
any a E A, let (z, a, a,j) be the edge with input label a and output label a. 
We dehne 0j^{a) as the output label of the edge starting at I — j with input 
label a. Thus, 6 '^(a) = dfioL) = a if z + j = 1 and 0j^{a) = 7 ^ a if 

z =j. 

Recall that the reversal of a word w = 0102 • • • On is the word w = 

On ' ' ' 0 - 2 ®! • 
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One can prove by induction on the length of ?/ G S* that if a: = 5i{y) 
and if j is the end of the path starting at i and with input label y, then 
x~^ = Observe that since the input automaton is a group automaton, 

there is always a path starting at 1 — j with input label y. 

A set S of words is closed under reversal if tc G S' implies w & S for every 
tc G S. By dehnition, any Sturmian set is closed under reversal (see j^). 


Theorem 4.20 For any tree set T of characteristic 1 on the alphabet S, 
closed under reversal and any doubling map 5^, the image of T by 5^ is a 
specular set relative to the involution 9j\^. 


Proof. Set S = 5_a{T) = 5q{T) U 5i(T). By Theorem 3.1 of [l9|], S is a tree 
set of characteristic 2. By construction, it is also clear the any word in S is 
6 '^-reduced. 

Let now prove that S' is a symmetric language. Assume that x = Si{y) 
for i G {0,1} and y E T. Let j be the end of the path starting at i and with 
input label y. Since x~^ = 5i-j{y) and T is closed under reversal, we have 
x~^ G (5i_j(T). This shows that S' is symmetric and so that it is laminary. 
Thus, S' is a specular set. ■ 


We now give two examples of specular sets obtained by doubling maps 
(doubling the Fibonacci set). 


Example 4.21 Let E = {a,(d} and let T be the Fibonacci set over S. Let 
6 be the doubling map given by the transducer of Figure IT73I on the left. 



Figure 4.3: A doubling transducer and the extension graph £’s(e). 


Both letters in S act as the identity on the two states 0,1. 

Then is the involution dehned hy 9 : a ^ c, b d, c i—)■ a, d h. 
The image of T by 5 is a specular set S on the alphabet A = {a, 6, c, d}. The 
graph 8 s{£) is represented in Figure 031 on the right. All letters are even. 

Note that the set S of Example 14.2 II is not recurrent. The set S is actually 
just a union of two Fibonacci sets, one over the alphabet {a, b} and the second 
over the alphabet {c,d}. 
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Example 4.22 Let S = {a, /9} and let T be the Fibonacci set. Let 6 be the 
donbling map given by the transdncer of FignreS3]on the left. The letter a 
acts as the transposition of the two states 0,1, while [3 acts as the identity. 



Figure 4.4: A doubling transducer and the extension graph £’s(e). 


Then is the involntion 6 of Example 13.21 and the image of T by 5 
is a specnlar set S on the alphabet A = {a,b,c,d}. The graph is 

represented in Fignre ITTI on the right. 

The letters a, c are odd and b, d are even. 

Note that S is the set of factors of the hxed point g‘^{a) of the morphism 

g ■. a ^ abcab, b i—)■ cda, c i—)■ cdacd, d i—)■ abc. 

The morphism g is obtained by applying the donbling map to the cube of 
the Fibonacci morphism / in such a way that g‘^{a) = So{f‘^{a)). 

In the next example (due to Julien Cassaigne), the specular set is obtained 
using a morphism of smaller size. 


Example 4.23 Let A = {a, b, c, d}. Let T be the set of factors of the hxed 
point X = /‘^(a) of the morphism / : a ha a(3,l3 i—)■ afda. It is a Sturmian 
set. Indeed, x is the characteristic word of slope — 1 + \/2 (see 25[). The 
sequence = /"'(a) satishes = s‘^_iSn -2 for n > 2. The image S' of T by 
the doubling automaton of Figure lT4l is the set of factors of the hxed point 
a‘^{a) of the morphism a from A* into itself dehned by 


cr(a) = ab, a{b) = cda, a(c) = cd, a{d) = abc. 

Thus the set S is the same as that of Example 14.2[ 

Note that, when S' is a specular set obtained by a doubling map using a 
transducer A, the parity graph of S is the output automaton of A (see for 
instance Figures |1]2] and 03]). 
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20 | where it is proved 


4-5. Palindromes 

The notion of palindromic complexity originates in 
that a word of length n has at most n +1 palindrome factors. A word of length 
n is full if it has n + 1 palindrome factors and a factorial set is full (or rich) 
if all its elements are full. By a result of j^, a recurrent set closed under 
reversal is full if and only if every complete return word to a palindrome 
in S' is a palindrome (a complete return word to a set X of words of the 
same length is a word of S which has exactly two factors in X, one as a 
proper prehx and one as a proper suffix, see Section [ 6 T]) . It is known that all 
Sturmian sets are full 0 and also all natural codings of interval exchange 
dehned by a symmetric permutation [l[. 

The fact that a tree set of characteristic 1 is full in the following result 
generalizes results of j^, [l| . 


Proposition 4.24 Let T be a recurrent tree set of characteristic 1, closed 
under reversal. Then T is full. 


Proof. We use the following equivalent dehnition of full sets (see 
any a; G T, 


31 ): for 


(i) if X is not a palindrome, it is neutral. 

(ii) Otherwise, m{x) + 1 is equal to the number of letters a such that axa 
is a palindrome in T (the so-called palindromic extensions). 


Since T is a tree set of characteristic 1, every word is neutral. We thus only 
have to show that every palindrome has exactly one palindromic extension. 
Let a; G T be a palindrome. It may be verihed that since x is palindrome 
and T is closed under reversal, the graph St{x) is closed under reversal in 
the sense that it contains an edge (1 ® a, & ® 1 ) if and only if it contains 
the edge (1 ® 6 , a ® 1). One may verify that, as a consequence, there is at 
least one a E A such that axa G T. Indeed, this can be proved as follows 
by induction on Card(A). It is true if Card(A) = 1. Otherwise, let a G A 
be such that 1 ( 8 ) a is a leaf of St{x). Then, since the graph is closed under 
reversal, the vertex a 0 1 is also a leaf. Set A' = A \ {a}. The restriction of 
the graph to the vertices in A' is a tree closed under reversal, and thus the 
property follows by induction. But if there is another one, the graph would 
have a cycle. Indeed, assume that axa, bxb G T. Consider a simple path 7 
of minimal length from one of 1 0 a, a 0 1 to one of 1 0 6 , 6 0 1. This path 
cannot contain the edges corresponding to axa, bxb. Using these edges and 
the symmetric of 7 , one obtains a cycle. Thus T is full. ■ 
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In , this notion was extended to that of G-fnll, where G is a hnite gronp 
of morphisms and antimorphisms of A* (an antimorphism is the composition 
of a morphism and reversal) containing at least one antimorphism. As one 
of the eqnivalent dehnitions, a set S closed under G is G-full if for every 
X G S', every complete return word to the G-orbit of x is hxed by a nontrivial 
element of G. 

Let us consider a tree set T of characteristic 1 and a specular set S 
obtained as the image of T by a doubling map S. 

Let us dehne the antimorphism a : u u~^ for u G Ge- From Section 03] 
it follows that both edges {i,a,a,j) and (1 — i,a,a{a),l — j) are in the 
doubling transducer. Let us dehne also the morphism r obtained by replacing 
each letter a G A by r(a) if there are edges (i, a, a, j) and (1 — j, a, r(a), 1 — i) 
in the doubling transducer. 

We denote by G^ the group generated by the a and r. Actually, we have 
Ga = Z/2Z X Z/2Z. 

Example 4.25 Let S be the specular set dehned in Example 14.211 The 
group Ga is generated by 

a : at c, h d, c i—)■ a, d b, 


and 

T : a c, h ^ d, c i—)■ a, d\-^ h. 

Note that, even if the images of a and r over the alphabet are the same, the 
latter is a morphism, while the hrst is an antimorphism. Moreover, in that 
case, we have ar = ra ■. w ^ w ioi every w E S. 

Example 4.26 Let S be the recurrent specular set dehned in Example 14.221 
The group Ga is generated by the antimorphism 

a : a a, b d, c i—)■ c, d a, 


and the morphism 


r : a I—)■ c, b d, c e-)■ a, d b. 

We have H = {id, a, r, ar}, where ar = ra is the antimorphism hxing b,d 
and exchanging a and c. 
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We now connect the notions of fullness and G^-fullness, proving an anal¬ 
ogous result of Proposition 14.241 for specular sets. 


Proposition 4.27 Let T be a recurrent tree set of characteristic 1 on the 
alphabet S, closed under reversal and let S be the image ofT under a doubling 
map. Then S is G_A-full- 


Proof. By Proposition 14.241 we know that T is full. 

To show that S is G_ 4 -full, we will use several properties of the map Si. 
We note that it is injective, that it preserves prehxes and conversely: m is a 
prehx of v if and only if Si{u) is a prehx of Si{v). Also, for any y & T and 
X = Si{y), the images of y, y by 5o, form the G_ 4 -orbit of x. 

Consider x ^ S and a word w which is a complete return word to the 
G^-orbit of x. We may assume that a; is a prehx of w and that 7 ( 0 ;) is a 
prehx of w, with ■y E H. Let y,u E T and i E {0,1} be such that x = Si{y) 
and w = Si(u). Then y is a prehx of u. 

We hrst show that m is a palindrome. First observe that u has a suffix 
in the set {y,y}. Indeed, if 7 G {id, r} then y is a suffix of u. Otherwise, 
if 7 G {(T, rcr}, one has that ^ is a suffix of u. Let now z be the longest 
palindrome prehx of u. Then ?/ is a prehx of ^ since otherwise ^ would have 
a second occurrence in u (in a full set, the longest palindrome prehx of a 
word is unioccurrent, see | 22 |). Consequently y is a suffix of 2 ; and z cannot 
have another occurrence of y or y except as a prehx or a suffix (otherwise, 
w would have an internal factor in the G^-orbit of x). Thus z is a complete 
return word to {y,y}. Consequently, Si{z) is a complete return word to the 
G^-orbit of x and thus Si{z) = w, which implies that u = z and that u is a 
palindrome. 

Now, the G^-orbit of any word w = Si{u) with u palindrome has two 
elements. Indeed, either w is even and w~^ = t{w), or w is odd and w~^ = w. 
Thus such a w is hxed by a nontrivial element of ■ 


Example 4.28 Let S be the specular set of Example 14.211 Since it is a 
doubling of the Fibonacci set (which is Sturmian and thus full), it is G_ 4 - 
full with respect to the group G _4 generated by the antimorphism a and the 
morphism r of Example 14.251 The G^-orbit of x = a is the set X = {a, c}. 
The set of complete return words to X (see also Section [ 6 ]) is given by 

C7ls{X) = {aa, aba, cc, cdc}. 


25 











The four words are palindromes and thus they are fixed by ar. 

As another example, consider x = ab. Its G_ 4 -orbit is the set X = 
{ab, ba, cd, dc} and the set of complete return words to X is given by 


C7ls{X) = {aba, baab, bob, cdc, deed, ded}. 


Each of them is a palindrome, thus is hxed by ar. 

Example 4.29 Let S be the specular set of Example 14.221 Since it is a 
doubling of the Fibonacci set (which is Sturmian and thus full), it is G^-full 
with respect to the group G _4 generated by the map a taking the inverse (that 
is hxing a, e and exchanging b and d) and the morphism r (which exchanges 
a, e and b, d respectively). The G_ 4 -orbit of x = a is the set X = {a, c}. We 
have 


C7ls{X) = {abe,ae,ea,eda}. 


The four words are hxed by ar. As another example, consider x = ab. Then 
X = {ab,be,ed,da} and C7ls{X) = {abe, bead, bed, eda, dab, daeb}. Each of 
them is hxed by some nontrivial element of G^. 

5. Linear involutions 

In this section we dehne linear involutions and connections. We prove that 
the natural coding of a linear involution without connections is a specular 
set (Theorem EH]). 

5.1. Definition 

Let A be an alphabet of cardinality k with an involution 9 and the corre¬ 
sponding specular group Gq. Note that we allow 6 to have hxed points. This 
leads to a dehnition of linear involutions which is somewhat more general 
than the one used in Hllj. 

We consider two copies I x {0} and I x {1} of an open interval I of the 
real line and denote I = I x {0,1}. We call the sets I x {0} and I x {1} the 
two components of I. We consider each component as an open interval. 

A generalized permutation on A of type {£,m), with i + m = k, is a. 
bijection tt : {1,2,..., A;} A. We represent it by a two line array 



7r(l) 7r(2) ... 7i{i) 
Tr{i -|- 1) ... Ti{i + m) 
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A length data associated with (£, m, tt) is a nonnegative vector A G 
such that 


-^ 7 r(i) + ... + A^(£) — A 7 r(£+i) + ... + A^(fc) and Aq — A^-i for all a G A. 

We consider a partition of / x {0} (minus i — 1 points) in i open intervals 
In{i), • • •, of lengths A^(i),..., Xn{e) and a partition of Jx {1} (minus m —1 
points) in m open intervals In{i+i), ■■■, Lii+m) of lengths A^(£+i),..., Xn{i+m)- 
Let S be the set of /c — 2 division points separating the intervals la for a E A. 

The linear involution on I relative to these data is the map T = a 2 o ai 
dehned on the set / \ S as the composition of two involutions dehned as 
follows. 

(i) The hrst involution ai is dehned on I\E. It is such that for each a E A, 
its restriction to la is either a translation or a symmetry from la onto 
Vi. 

(ii) The second involution exchanges the two components of I. It is dehned 
for {x, 6) E I hy a 2 (x, 5) = (x, 1 — <5). The image of x by a 2 is called 
the mirror image of 

We also say that T is a linear involution on I and relative to the alphabet A 
or that it is a /c-linear involution to express the fact that the alphabet A has 
k elements. 


Example 5.1 Let A = {a, 6, c, d, a ^,b ^,c ^,d and 


71 = 



b 

d-1 




Let T be the 8-linear involution corresponding to the length data represented 
in Figure [5A] (we represent I x {0} above I x {!}) with the assumption that 
the restriction of cxi to la and Id is a symmetry while its restriction to If,, Ic 
is a translation. 



/x{0} 

/x{l} 
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We indicate on the figure the effect of the transformation T on a point z 
located in the left part of the interval The point cti{z) is located in the 
right part of Jq-i and the point T{z) = <T 2 <ti{z) is just below on the left of 
Jfc-i. Next, the point aiT{z) is located on the left part of h and the point 
T‘^{z) just below. 


Thus the notion of linear involution is an extension of the notion of interval 
exchange transformation in the following sense. Assume that 


(i) i = m, 

(ii) for each letter a G A, the interval la belongs to / x {0} if and only if 
Jq-i belongs to I x {!}, 

(hi) the restriction of cxi to each subinterval is a translation. 


Then, the restriction of T to / x {0} is an interval exchange (and so is its 
restriction to / x {1} which is the inverse of the first one). Thus, in this case, 
T is a pair of mutually inverse interval exchange transformations. 


It is also an extension of the notion of interval exchange with flip [23, l30 


Assume again conditions (i) and (ii), but now that the restriction of ai to at 
least one subinterval is a symmetry. Then the restriction of T to / x {0} is 
an interval exchange with flip. 

Note that for convenience we consider in this paper interval exchange 
transformations defined by a partition of an open interval minus £ — 1 points 
in £ open intervals. The usual notion of interval exchange transformation 
uses a partition of a semi-interval in a finite number of semi-intervals. 

A linear involution T is a bijection from / \ S onto / \ ct 2 (S). Since cxi, a 2 
are involutions and T = (T 2 o ai, the inverse of T is T~^ = ai o a 2 - 

The set S of division points is also the set of singular points of T and their 
mirror images are the singular points of T~^ (which are the points where T 
(resp. T~^) is not defined). Note that these singular points x may be ‘false’ 
singularities, in the sense that T can have a continuous extension to an open 
neighborhood of z. 

Two particular cases of linear involutions deserve attention. 

A linear involution T on the alphabet A relative to a generalized per¬ 
mutation TT of type {£, m) is said to be nonorientable if there are indices 
iyj ^ £ such that 7i{i) = 7r(j)“^ (and thus indices i,j > £ -f 1 such that 
7r(z) = 7r(j)“^). In other words, there is some a E A for which la and Jq-i 
belong to the same component of I. Otherwise T is said to be orientable. 
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A linear involution T = ct 2 o ai on J relative to the alphabet A is said to 
be coherent if, for each a E A, the restriction of cxi to la is a translation if 
and only if la and Ja-i belong to distinct components of I. 

Example 5.2 The linear involution of Example 15.11 is coherent. 

Linear involutions which are orientable and coherent correspond to in¬ 
terval exchange transformations, whereas orientable but noncoherent linear 
involutions are interval exchanges with flip. 

Orientable linear involutions correspond to orientable laminations (see 
(lo|). whereas coherent linear involutions correspond to orientable surfaces. 
Thus coherent nonorientable involutions correspond to nonorientable lami¬ 
nations on orientable surfaces. 


5.2. Minimal involutions 

A connection of a linear involution T is a triple (x, ?/, n) where x is a 
singularity of T~^, y is a. singularity of T, n > 0 and T^x = y. 

Example 5.3 Let us consider the linear involution T which is the same as in 
Example 15.11 but such that the restriction of ai to Ic is a symmetry. Thus T 
is not coherent. We assume that / =]0,1[, that = Xd- Let x = (1 — A^, 0) 
and y = (Aa,0). 

Then x is a singularity of T~^ {o' 2 {x) is the left endpoint of Id), y is a 
singularity of T (it is the right endpoint of la) and T(x) = y. Thus (x, y, 1) 
is a connection. 


Example 5.4 Let T be the linear involution on I =]0,1[ represented in 
Figure [521 We assume that the restriction of cxi to la is a translation whereas 
the restriction to h and Ic is a symmetry. We choose (3 —\/5)/2 for the length 
of the interval Ic (or A). With this choice, T has no connections. 


o 




o 


o 


o 


c 


..-1 




Figure 5.2: A linear involution without connections. 
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Let T be a linear involution without connections. Let 


O = U r-"(E) and 6 = O U a^iO) 


( 6 . 1 ) 


n>0 


be respectively the negative orbit of the singular points and its closure under 
mirror image. Then T is a bijection from I \ 0 onto itself. Indeed, assume 
that T{z) G O. If T{z) G O then z E O. Next if T{z) G then T{z) G 

cr 2 (T“"^(E)) = T"(ct 2 (S)) for some n > 0. We cannot have n = 0 since ct 2 (S) 
is not in the image of T. Thus z G T"“^((T 2 (S)) = (T 2 (T“"+^(S)) C <J2{0). 
Therefore in both cases z E O. The converse implication is proved in the 
same way. 

A linear involution T on I without connections is minimal if for any point 
z E I \ 0 the nonnegative orbit of 2 ; is dense in I. 

Note that when a linear involution is orientable, that is, when it is a 
pair of interval exchange transformations (with or without flips), the interval 
exchange transformations can be minimal although the linear involution is 
not since each component of I is stable by the action of T. Moreover, it 
is shown in 
minimal. 


16| that noncoherent linear involutions are almost surely not 


Example 5.5 Let us consider the noncoherent linear involution T which is 
the same as in Example 15.11 but such that the restriction of ai to Ic is a 
symmetry, as in Example 15.31 We assume that / =]0,1[, that and 

that l/4<Ac<l/2 and that Xa + Xb < 1/2. Let a; = 1/2 + Ac and 2 ; = {x, 0) 
(see Figure 15^ . We have then T^{z) = z, showing that T is not minimal. 
Indeed, since 2; G Jc, we have T{z) = (1— x, 0) = (1/2 — Ac, 0). Since T{z) E la 
we have T‘^{z) = ((A(j + Xb) + (Aq — 1 + a;), 1) = (a; — Ac, 1) = (1/2,1). Finally, 
since T'^{z) E Id-^, we obtain (1, 0) — T^{z) = T‘^{z) — (Ac, 1) = (1, 0) — z and 
thus T^{z) = z. 



Figure 5.3: A noncoherent linear involution. 
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The following result (already proved in (l^. Proposition 4.2] for the class 
of coherent involutions) is jl^, Proposition 3.7]. The proof uses Keane’s the¬ 
orem proviiig that an interval exchange transformation without connections 
is minimal |23| . 

Proposition 5.6 Let T be a linear involution without connections on I. IfT 
is nonorientable, it is minimal. Otherwise, its restriction to each component 
of I is minimal. 


5.3. Natural coding 

Let T be a linear involution on J, let / = I x {0,1} and let O be the set 
dehned by Equation fIS.ip . 

Given z E I\0, the infinite natural coding of T relative to z is the inhnite 
word S'r(z) = aoOi... on the alphabet A dehned by 

an = a if T^{z) G 


We hrst observe that the inhnite word T,t{z) is reduced. Indeed, assume that 
On = a and a„+i = a~^ with a E A. Set x = T^{z) and y = T{x) = T'^~^^{z). 
Then x E la and y E la-i. But y = a2{u) with u = cri{x). Since x E la, 
we have u E la-i. This implies that y = a2{u) and u belong to the same 
component of I, a contradiction. 

We denote by C{T) the set of factors of the inhnite natural codings of T. 
We say that C{T) is the natural coding of T. 


Example 5.7 Let T be the linear involution of Example 15.41 The words of 
length at most 3 of S' = C{T) are represented in Figure [TH 

The set S can actually be dehned directly as the set of factors of the 
substitution 

f : a cb~^, h c, c i—)■ ab~^. 


which extends to an automorphism of the free group on {a, b, c} (see 



The following is Proposition 5.3 in 



Proposition 5.8 The natural coding of a linear involution is closed under 
taking inverses. 

We prove the following result. 
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Figure 5.4: The words of length at most 3 of S. 


Theorem 5.9 The natural coding of a linear involution without connections 
is a specular set. 

Proof. Let T be a linear involution without connections. By Proposition 15.81 
the set C{T) is symmetric. Since it is by dehnition biextendable and formed 
of reduced words, it is a laminary set. By [l^, Theorem 9.5], C{T) is a tree 
set of characteristic 2. Thus C{T) is specular. ■ 

We now present an example of a linear involution on an alphabet A where 
the involution 9 has hxed points. 

Example 5.10 Let A = {a, 6, c, d} be as in Example 13.21 (in particular, 
d = a = a“^, c = c~^). Let T be the linear involution represented in 


o 


a 


o 


d 


o 


o 


b 


o 


c 


Figure 5.5: A linear involution on A = {a, b, c, d}. 


O 


Figure [575] with cxi being a translation on If, and a symmetry on la, Ic- Choos¬ 
ing (3 — \/b)/2 for the length of h, the involution is without connections. 
Thus S = C{T) is a specular set. Let us show it is equal to the specular set 
obtained by the doubling transducer in Example 14.221 Indeed, consider the 
interval exchange V on the interval V =]0,2[ represented in Figure 15761 on 
the right, which is obtained by using two copies of the interval exchange U 
dehning the Fibonacci set (represented in Figure 15761 on the left). 
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0 

o 


a 



0 

o 


a 



c 


o 


d 


2 

o 




^-1 


o 





o 


Figure 5.6: Interval exchanges U and V for the Fibonacci set and its doubling. 


Let X =]0, l[x{0,1} and let a : Y —)■ X be the map defined by 


a{z) 


{z, 0) if g]0, 1[ 

(2 — z, 1) otherwise. 


Then a o V = T o a and thus CiV) = C{T). The interval exchange V is 
actually the orientation covering of the linear involution T (see 0 ). 


6. Return words 

In this section we introduce three variants of the notion of return words, 
namely complete, right and mixed return words. We prove several results 
concerning sets of return words fTheorems l6.61 16^ 16.121) . We also prove that 
the set of return words to a given word forms a basis of the even subgroup 
iTheorem 16.151 referred to as the First Return Theorem) and that the mixed 
return words form a monoidal basis of the specular group fTheorem 16.17p . 

6.1. Cardinality Theorems for return words 

In this section, we introduce several notions of return words: complete 
return words, right (or left) return words and mixed return words. For each 
of them, we prove a cardinality theorem iTlieorems 16.61 16^ and [6.12p . 

Here, when we consider a recurrent set S containing the alphabet A, we 
implicitly assume that all words of S are on the alphabet A. 

6.1.1. Complete return words 

Let S' be a factorial set of words and let X C S' be a set of nonempty 
words. A complete return word to X is a word of S' with a proper prefix in 
X, a proper suffix in X but no internal factor in X. We denote by CTZs{X) 
the set of complete return words to X. 

The set C7ls{X) is a bifix code. If S' is uniformly recurrent, C7ls{X) is 
finite for any finite set X. For x G S, we denote C7ls{x) instead of ClZCAx}). 
Thus CTZs{x) is the usual notion of a complete return word (see [2l| for 
example). 
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Example 6.1 Let S be the specular set of Example 14.221 One has 


CTZs{a) 

CTZsib) 

CTZsic) 

CTZsid) 


{abca, abcda, acda) 

{bcab^ bcdacdab, bcdacdacdab} 
{cabc, cdabc, cdac} 
{dabcabcabcd, dabcabcd, dacd}. 


The following result is proved in Theorem 5.2], 


Theorem 6.2 Let S be a recurrent neutral set containing the alphabet A. 
For any finite nonempty bifix code X C S' with empty kernel, we have 


Card(C7^5(X)) = Card(X) + Card(/l) - x(^). (6.1) 

As a consequence of Theorem 16.21 one has the following statement. 


Corollary 6.3 Let S be a recurrent specular set on the alphabet A. For any 
finite nonempty bifix code X C S with empty kernel, one has 

Card(C7^5(X)) = Card(X) + Card(A) - 2. 

The following example illustrates Corollary 16.31 

Example 6.4 Let S' be the specular set on the alphabet A = {a, b, c, d} of 
Example 14.21 We have 

C7ls{{a, b}) = {ab, acda, bca, bcda}. 

It has four elements in agreement with Corollary 16.31 

We note that when X is a hnite S'-maximal bihx code of S'-degree d with 
kernel K{X), the set CTZsi^) has the following property. For any set K 
such that K{X) C X C X with K ^ X, the set Y = K {JCTZs{X \ K) is an 
S'-maximal bihx code of S-degree ds{X) + 1. The code X is the derived code 
of Y (see jl, Section 4.3]). This gives a connection between Equations fl4.ip 
and fl6.ip . By Equation fl4.ip . we have 

Card(X) = {d + l)(Card(A) - x(S)) + x{S) = Card(X) + Card(A) - x{S). 
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Thus 


Card(C7^s(X \ K)) 


Card(y') — Card(i^) 

Card(X) - Card(ir) + Card(y4) - x{S) 
Card(X \K) + Card(A) - x{S) 


which is Formula flh.ip since X \ iF is a bifix code with empty kernel. 

6.1.2. Right return words 

Let S' be a factorial set. For any nonempty word a; G S, a right return 
word to a; in S is a word w such that xw is a complete return word to x. One 
defines symmetrically the left return words to a; G S' as the words w such that 
wx is a complete return word. We denote by 7ls{x) the set of right return 
words to a; in S and by TZ'g{x) the corresponding set of left return words. 

Note that when S is a laminary set 7ls{x)' 1 =7^'s(a; 1). 

Proposition 6.5 Let S be a specular set and let x & S be a nonempty word. 
All the words of7ls{x) are even. 

Proof. If tc G 7ls{x), we have xw = vx for some n G S'. If a; is odd, assume 
that X G Sop. Then w G Sip. Thus w is even. If x is even, assume that 
X G Sop. Then w G S'o,o and w is even again. ■ 

Theorem 6.6 (Cardinality Theorem for right return words) Let S be 

a recurrent specular set. For any x G S', the set TZsi^) has Card(y4) — 1 ele¬ 
ments. 

Proof. This follows directly from Corollarv l6.3l with X = {x} since Card(7^s'(x)) 
Card(C7?.5(x)). ■ 


Example 6.7 Let S be the specular set of Example 14.221 We have 


775(a) 

ns{b) 

ns{c) 

TZsid) 


{bca, bcda, cda}, 

{cab, cdacdab, cdacdacdab}, 
[abc, dabc, dac}, 

[abcabcd, abcabcabcd, acd}. 
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It is shown in that if S' is a (nniformly) recurrent tree set of characteris¬ 
tic 1 containing the alphabet B, then for any x G S', one has Card(7^5'(x)) = 
Card(i?). The relation with Theorem 16.61 is as follows. Let X be the even 
code and let Xq = X O So,o, Xi = X D Si,i. Thus X = XqU Xi. 

One has Card(Xo) = Card(A) — 1 by Theorem 14.161 (indeed, Card(X) = 
2Card(y4) — 2 and Card(Xo) = Card(Xi)). 

Let / be a coding morphism for X. Then for any x G S'o,o, the set 7ls{x) 
is in bijection, via the decoding by Xq, with the set of right return words to 
Since /“^(S'o,o) is a tree set on Bq = /“^(Xq), the set 7^5(x) has 
Card(2l) — 1 elements, in agreement with Theorem 16.61 

6.1.3. Mixed return words 

Let S' be a laminary set. For w E S such that w ^ we consider 
complete return words to the set X = 

Example 6.8 Let T be the linear involution of Example 15.41 We have 

CTls{.{0‘)0,~^}) = {ah~^cha~^ ,ah~^chc~^a,a~^chr^c~^a, 

ahr^c~^ha~^, a~^cbc~^a, a~^cb~^c~^ba~^} 

CTls{{b, = {ba~^cb, ba~^cb~^, bc~^ab~^, b~^cb, b~^c~^ab~^, b~^c~^b}, 

CTZsi{c, c“^}) = {cba~^c, cbc~^, cb~^c~^, c~^ab~^c, c“^a6“^c“\ c~^ba~^c}. 

Theorem 6.9 Let S be a recurrent specular set containing the alphabet A. 
For any w E S such that w ^ w~^, the set of complete return words to 
has Card(74) elements. 

Proof. The statement results directly of Corollary 16.31 ■ 

Example 6.10 Let S' be the specular set of Example 14.221 In view of the 
values of ClZsip) and C7ls{d) given in Example 16.11 we have 

C7ls{{b, d}) = {bcab, bed, dab, dacd}. 

Two words u, v are said to overlap if a nonempty suffix of one of them is 
a prehx of the other. In particular a nonempty word overlaps with itself. 

We now consider the return words to with w such that w and 

w~^ do not overlap. This is true for every tc in a laminary set S where the 
involution 6 has no hxed point, in particular when S' is the natural coding of 
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a linear involution. In this case, the group G 0 is free and for any ta G S', the 
words w and do not overlap. 

With a complete return word u to we associate a word N{u) 

obtained as follows. If u has w as prehx, we erase it and if u has a suffix w~^, 
we also erase it. Note that these two operations can be made in any order 
since w and w~^ cannot overlap. 

The mixed return words to w are the words N(u) associated with complete 
return words u to {w, We denote by Ai7ls{w) the set of mixed return 

words to w in S. 

Note that Ai7ls{w) is symmetric and that wA47ls{w)w~^ = A47ls{w~^). 
Note also that if S is orientable, then 

A4Tls{w) = Tlsiw) = TZsiw) 

The reason for this dehnition comes from the fact that, when S is the 
natural coding of a linear involution, we are interested in the transformation 
induced on 1^ U a 2 {Iw), where 1^ = ho H T~^{hi) fl... fl for a 

word w = bobi ■ ■ ■ bm-i (see 0). The natural coding of a point in begins 
with w while the natural coding of a point 2 ; in a 2 {Iw) ‘ends’ with w~^ in the 
sense that the natural coding of begins with w~^. 

Example 6.11 Let T be the linear involution of Example 15.41 We have 

AiTZs{a) = {b~^cb, b~^cbc~^a, a~^cb~^c~^a, b~^c~^b, a~^cbc~^a, a~^cb~^c~^b} 
MTZsip) = {a“^c6, a“^c, c“^a, 

Ai7Zs{c) = {ba~^c,b,b~^, c~^ab~^c, c~^ab~^, c~^ba~^c}. 

Observe that any uniformly recurrent biinhnite word x such that F{x) = 

S can be uniquely written as a concatenation of mixed return words (see 
Figure 16.ip . Note that successive occurrences of w may overlap but that 
successive occurrences of w and w~^ cannot. 


r s t u 

Figure 6.1: A uniformly recurrent infinite word factorized as an infinite product • • • rstu ■ ■ ■ 
of mixed return words to w. 

We have the following cardinality result. 
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Theorem 6.12 (Cardinality Theorem for mixed return words) Let S 

be a recurrent specular set on the alphabet A. For any w E S such that w, w~^ 
do not overlap, the set Ai7ls{w) has Card(74) elements. 

Proof. This is a direct consequence of Theorem 16.91 since Card(A17^s'(tc)) = 
Card(C7?.5({r(;, when w and w~^ do not overlap. ■ 

Note that the bijection between C7ls{w,w~^) and Ai7ls{w) is illustrated 
in Figure EHJ 

Example 6.13 Let S be the specular set of Example 14.221 The value of 
ClZsib,d) is given in Example 16.101 Since b,d do not overlap, 

AATZsip) = {cab, c, dac, dab} 

has four elements in agreement with Theorem 16.121 
As a corollary, we obtain the following result. 

Corollary 6.14 Let S be the natural coding of a linear involution without 
connections on the alphabet A. For any w E S, the set Ai7ls{w) has Card(y4) 
elements. 

6.2. First Return Theorem 

By 0 , Theorem 4.5], the set of right return words to a given word in a 
recurrent tree set of characteristic 1 containing the alphabet A is a basis of 
the free group on A. We will see a counterpart of this result for recurrent 
specular sets. 

Let S' be a specular set. The even subgroup is the group formed by 
the even words. It is a subgroup of index 2 of Ge with symmetric rank 
2(Card(A) — 1) by fl3.2p generated by the even code. Since no even word 
is its own inverse (by Proposition 14.111) . it is a free group. Thus its rank is 
Card(A) — 1. 

Theorem 6.15 (First Return Theorem) Let S be a recurrent specular 
set. For any w E S, the set of right return words to w is a basis of the even 
subgroup. 

Proof. We hrst consider the case where w is even. Let f : B* ^ A* he a. 
coding morphism for the even code X C S'. Consider the partition (S'j^), as 
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in Proposition 14.111 and set Xq = X nS' 0 , 0 , Xi = X Pis'll!. By Theorem 14.131 
the set f~^{S) is the union of the two recurrent tree sets of characteristic 
1 , To = /“^(S' 0 , 0 ) and Ti = /“^(S' 14 ) on the alphabets Bq = f~^{Xo) and 
Bi = f~^{Xi) respectively. We may assume that w G S'o,o- Then 7Zs(w) is 
the image by / of the set R = 7^ro(/~^('n'))- By [3, Theorem 4.5], the set R 
is a basis of the free group on Bq. Thus 7^s(w) is a basis of the image of ^Bo 
by /, which is the even subgroup. 

Suppose now that w is odd. Since the even code is an S'-maximal bihx 
code, there exists an odd word u such that uw G S. Then Rsiuw) C 7ls{w)*. 
By what precedes, the set IZsiuw) generates the even subgroup and thus the 
group generated by 7ls{w) contains the even subgroup. Since all words in 
7 ^ 5 (tc) are even, the group generated by 7ls{w) is contained in the even 
subgroup, whence the equality. We conclude by Theorem 16.61 ■ 

Example 6.16 Let S be the specular set of Example 14.221 The sets of right 
return words to a, b, c, d are given in Example 16.71 Each one is a basis of the 
even subgroup. 

Concerning mixed return words, we have the following statement. 

Theorem 6.17 Let S be a recurrent specular set. For any w & S such that 
w,w~^ do not overlap, the set AiTZsiw) is a monoidal basis of the group Gq. 

Proof. Since w and w~^ do not overlap, we have 7ls{w) C XilZsix’)*- Thus, 
by Theorem 16.151 the group {AiTZsiw)) contains the even subgroup. But 
XiTZsiw) always contains odd words. Indeed, assume that w G S'ij. Then 
w~^ G and thus any u G Ai7ls{w) such that wuw~^ G S' is odd. Since 

the even group is a maximal subgroup of Ge, this implies that XiRsiw) 
generates the group Gq. Finally since AiTZsiw) has Card(y4) elements by 
Theorem 16.121 we obtain the conclusion by Proposition 13.101 ■ 

Example 6.18 Let S be the specular set of Example 14.221 We have seen in 
Example 16.131 that 

XiRsip) = {c,cab,dab,dac}. 

This set is a monoidal basis of Gg in agreement with Theorem 16.171 

Since, in the free group, a reduced word w and its inverse do not overlap, we 
have the following corollary of Theorem 16.171 in the case where the involution 
9 has no hxed points. A geometric proof and interpretation is given in (lol j. 
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Corollary 6.19 Let S be the natural coding of a linear involution without 
connections on the alphabet A = BU B~^. For any w E S, the set Ai7ls{w) 
is a monoidal basis of Fb- 

Example 6.20 Let T be the linear involution of Example 15.41 We have seen 
in Example 16. Ill that M7Zs(b) = {a~^cb, a~^c, c~^a, b~^cb, b~^c~^a, b~^c~^b}. 
It is a monoidal basis of the free group on {a,b,c}. 

7. Freeness and Satnration Theorems 

In this section we consider two notions concerning sets of generators of 
a subgroup Lf in a specular group, namely free subsets and the set of prime 
words with respect to H. We prove that a set closed by taking inverses is 
acyclic if and only if any symmetric bihx code is free fTheorem 17.ip . More¬ 
over, we prove that in such a set, for any hnite symmetric bihx code X, 
the free monoid X* and the free subgroup {X) have the same intersection 
with S fTheorem I7.8p . To prove the last result we use the notion of coset 
automaton. 

7.1. Freeness Theorem 

Let 6 be an involution on A and let Gq be the corresponding specular 
group. A symmetric set X is free if it is a monoidal basis of a subgroup H of 
the group Gg. Thus a symmetric set X C is free if for xi, X 2 , ■ ■ ■, Xn E X, 
the product 0 : 1 X 2 • • • x„ cannot reduce to 1 unless x* = x^\ for some i with 
1 < i < n. 

The following is essentially Theorem 5.1 in Q. 

Theorem 7.1 (Preeness Theorem) A laminary set S is acyclic if and 
only if any symmetric bifix code X <Z S is free. 

The proof is identical with that of Theorem 5.1 in j^, using the incidence 
graph of a set X, which is the undirected graph Qx dehned as follows. Let P 
be the set of proper prehxes of X and let Q be the set of its proper suffixes. 
Set P' = P \ {e} and Q' = Q \ {e}. The set of vertices of Qx is the disjoint 
union of P' and Q'. The edges of Qx are the pairs (p, q) for p E P' and 
q E Q' such that pq E X. As for the extension graph, we sometimes denote 
1 (8) P', Q' 0 1 the copies of P', Q' used to dehne the set of vertices of Qx- 
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Example 7.2 Let S' be a laminary set and let X = S'flA^ be the bifix code 
formed of the words of S of length 2. The incidence graph of X is identical 
with the extension graph S{e). 

The following statement is proved in [3, Proposition 5.6]. Recall that a 
path in an nndirected graph is rednced if it does not nse twice consecntively 
the same edge. 

Proposition 7.3 Let S be an acyclic set. For any bifix code X C S', the 
following assertions hold. 

(i) The incidence graph Qx is acyclic. 

(ii) The intersection of P' = P \ {e} (resp. Q' = Q \ {s}) with each 
connected component of Qx is a suffix (resp. prefix) code. 

(iii) For every reduced path ..., Vn+i) in Qx with ui,... ,Un & P' 

and vi,..., Vn+i G Q', the longest common prefix ofvi, Vn+i is a proper 
prefix of all vi,..., Vn, Vn+i. 

(iv) Symmetrically, for every reduced path in Qx with 

Ml, ..., Un+i € P' and Mi, ... G Q', the longest common suffix of 
Ml, M„+1 is a proper suffix of Ui,U2,. , m„+i. 


1.2. Cosets 

Let X be a symmetric set. We nse the incidence graph to define an 
eqnivalence relation ■jx on the set P of proper prefixes of X, called the coset 
eguivalence of X, as follows. It is the relation defined hy p = q mod yx h 
there is a path (of even length) from l0pto l(8)gora path (of odd length) 
from 1 (8) p to q~^ <8) 1 in the incidence graph Qx- It is easy to verify that, 
since X is symmetric, yx is indeed an eqnivalence. The class of the empty 
word £ is rednced to £. This definition is an extension to symmetric sets of 
the eqnivalence denoted 9x introdnced in [^. 

The following statement is the generalization to symmetric bifix codes of 
Proposition 6.3.5 in j^. We denote by (X) the snbgronp generated by X. 

Proposition 7.4 Let X be a symmetric bifix code and let P be the set of its 
proper prefixes. Let yx be the coset equivalence of X and let H = (X). For 
any p,q E P, if p = q mod yx, then Hp = Hq. 

Proof. Assnme that there is a path of even length from p to q. If the path 
has length 2, then we have pr, qr E X for some snffix r of X. This implies 
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pq~^ G H and thus Hp = Hq. The general case follows by induction. In the 
case where there is a path of odd length from p to there is a path of 
even length from p to r and an edge from r to q~^ for some r E P. Then 
Hp = Hr by the preceding argument. Since rq~^ G X, we have Hr = Hq 
and the conclusion follows. ■ 

We now use the coset equivalence ■yx to dehne the coset automaton Cx of 
a symmetric bihx code X as follows. The vertices of Cx are the equivalence 
classes of yx- We denote by p the class of p. There is an edge labeled a E A 
from s to f if for some p E s and q E t (that is, s = p and t = q), one of the 
following cases occurs (see Figure ITTI) : 

(i) pa E P and pa = q mod yx, 

(ii) or pa G X and q = e. 



Figure 7.1: The edges of the coset automaton. 


Proposition 7.5 Let X be a symmetric hifix code, let P be its set of proper 
prefixes and let H = (X). If for p,q E P and a word w E A* there is a path 
labeled w from the class p to the class q, then Hpw = Hq. 

Proof. Assume hrst that w is a. letter a E A. It is easy to verify using 
Proposition 17.41 that in the two cases of the definition of an edge (p, a, g), 
one has Hpa = Hq. Since the coset does not depend on the representative 
in the class, this implies the conclusion. The general case follows easily by 
induction. ■ 

Let A be an alphabet with an involution 6. A directed graph with edges 
labeled in A is called symmetric if there is an edge from p to q labeled a if 
and only if there is an edge from q to p labeled a~^. 

If ^ is a symmetric graph and n is a vertex of Q, the set of reductions 
of the labels of paths from n to n is a subgroup of Gg called the subgroup 
described by Q with respect to v. 

A symmetric graph is called reversible if for every pair of edges of the form 
(n, a, w), (n, a, w'), one has w = w' (and the symmetric implication since the 
graph is symmetric). 
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Proposition 7.6 Let S be a specular set and let X C S be a finite symmetric 
bifix code. The coset automaton Cx is reversible. Moreover the subgroup 
described by Cx with respect to the class of the empty word is the group 
generated by X. 

Proof. It is easy to verify that the words of X are labels of paths from e to 
i which do not pass by i in between. Thus the group described by Cx with 
respect to i contains H = {X). 

By Proposition 17.51 if there is a path from the class of p to the class of 
q labeled w, then Hpw = Hq. Thus if w belongs to the group described by 
Cx (w.r.t. d), it is in H. We have thus proved that the coset automaton 
describes H. 

Let us show now that Cx is reversible. First, it is symmetric since X is 
symmetric. Let us show that if {v,a,w) and {v,a,w') are edges of Cx, then 
w = w'. Consider p,p' G P such that p = p' mod yx- Assume that there is 
an edge labeled a from p = p' to q and to q'. 

Case 1. Suppose that pa,p'a G P. We have to show that pa = p'a mod yx- 
Let M, V be such that pau,p'av G X. It is not possible that there exists a path 
of odd length from p to p'~^ in the incidence graph Qx- Indeed, assume that 
p G Si^j and a G Sj^^. Let (p, Mi,..., U 2 m,p'~^) with m > 0 be a path of odd 
length from p to p'~^. Then each U 2 t for 1 < f < m is in and each U 2 t+i 
for 0 < f < m — 1 is in for some it,lt G {0,1}. Then p'~^ G and 
thus p' G But then we cannot have p'a G S. Thus there is a path 

of even length from p to p' in Qx- This implies that there is a path of even 
length of the form {au,p,... ,p', av). Thus by Proposition 17.31 fiii). there is a 
path of even length from pa to p'a. This implies that pa = p'a mod yx- 

Case 2. Assume now that pa & P and p'a G X. For the same reason as in 
Case 1, there cannot exist a path of odd length from p to p'. Thus there is a 
path of even length from p to p'. By Proposition 17.31 fiiil. this is not possible 
since otherwise we would have for some word w, a path {au,p,... ,p',a) and 
a is not a proper prehx of the last term of the sequence. 

The case where pa G X and p'a G P is symmetrical. Finally, if pa, p'a G 
X, we have q = q' = e. 

This shows that if {v,a,w) and {v,a,w') are edges of Cx, then w = w'. 
Since Cx is symmetric, it follows that if (n, a, w) and {v', a, w) are edges of 
Cx, then v = v'. Thus Cx is reversible. ■ 
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Example 7.7 Let T be the linear involution of Example 15.41 and let S = 
jC(T). Let X be the set of words of length 3 of S' (see Figure El]), which is a 
symmetric bihx code. The incidence graph Qx is represented in Figure 17.21 
The coset automaton Cx is represented in Figure 17731 (we only represent one 



Figure 7.2: The incidence graph of X. 

of the edges labeled a and a~^, the other one is understood). The vertex 2 
is the class corresponding to the hrst two trees in Figure 17.21 The vertex 3 
corresponds to the two last ones. 



Figure 7.3: The coset automaton. 


7.3. Saturation Theorem 

Let iL be a subgroup of the specular group Ge and let S' be a specular 
set on A relative to 6. The set of prime words in S with respect to H is 
the set of nonempty words in if fl S' without a proper nonempty prehx in 
iL n S'. Note that the set of prime words with respect to if is a symmetric 
bihx code. One may verify that it is actually the unique bihx code X such 
that X C Snii C XL 

The following statement is a generalization of Theorem 5.2 in (Satu¬ 
ration Theorem). 
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Theorem 7.8 (Saturation Theorem) Let S be an acyclic laminary set. 
Any finite symmetric bifix code X <Z S is the set of prime words in S with 
respect to the subgroup {X). Moreover {X) 0 3 = X* fl S. 

Proof. Let H = {X) and let T C S' be the set of prime words with respect 
to H. Then T is a symmetric bihx code and thus it is free by Theorem 17.11 
Since, by Proposition 17.61 the coset automaton Cx is reversible, any reduced 
word is the label of at most one reduced path in Cx- Since any word of X 
is the label of a reduced path from d to e in Cx which does not pass by i 
inbetween, this implies that X G Y. But any y G T is the reduction of some 
product X 1 X 2 ■ ■ - Xn with Xi G X. Since Y is free and contains X, this implies 
n = 1 and y & X. Thus X = Y. 

The last assertion follows from the fact that, since X is the set of prime 
words in S with respect to if, one has H O S G X*. ■ 

Note that the hypothesis that X is symmetric is necessary, as shown in 
the following example. 

Example 7.9 Let A = {a,b,a~^,b~^}. Let S be the set of factors of 
{ab~^)‘^U (we denote as usual by x‘^ the inhnite word xxx ■ ■ ■)■ Then 

S is an acyclic laminary set. The set X = {a, ba~^} is a bihx code but it is 
not the set of prime words with respect to {X) since b G (X) fl S. 

8. Bifix codes and monoidal bases 

In this section we prove the Finite Index Basis Theorem (Theorem 18.11) 
and a converse (Theorem 18.6p . 

8.1. Finite Index Basis Theorem 

The following result is the counterpart for specular sets of the result 
holding for recurrent tree sets of characteristic 1 (see j^. Theorem 4.4]). The 
proof is very similar to that of Theorem 4.4 in and we omit some details. 

Theorem 8.1 (Finite Index Basis Theorem) Let S be a recurrent spec¬ 
ular set and let X G S be a finite symmetric bifix code. Then X is an 
S-maximal bifix code of S-degree d if and only if it is a monoidal basis of a 
subgroup of index d. 


45 








The following result is a complement to Theorem 4.4.3 in j^, asserting that 
if S' is a recurrent set, any finite bifix code X C S' is contained in a finite 
S-maximal bihx code Z. It shows that when X is symmetric, then Z can be 
chosen symmetric. 

Theorem 8.2 Let S be a recurrent laminary set. Any finite symmetric bifix 
code X G S is contained in a finite symmetric S-maximal bifix code. 

Proof. Let X C S' be a finite symmetric bifix code which is not S'-maximal. 
Since X is hnite, the number d = ma.x{dx{w) | w G X} is hnite. By Theorem 
4.3.12 of [^, X is the kernel of some S'-maximal bihx code Z of S-degree 
d-\- 1. Since S is recurrent, by Theorem 4.4.3 of [^, Z is hnite. Let us show 
that Z is symmetric. Indeed, we have by Theorem 4.3.11 in [^, dz{w) = 
min{(i-|-1, dx{w)}. Since X is symmetric, we have dx{w) = dx{w~^) for any 
tc G S'. Indeed, (g, x,p) is a parse of w if and only if {p~^, x~^, q~^) is a parse 
of w~^. Thus dz{w) = dz{vj~^). This implies that Z is symmetric. ■ 

Proof of Theorem 18.11 Assume hrst that X is a hnite symmetric S'-maximal 
bihx code of S'-degree d. Let P be the set of proper prehxes of X. Let H be 
the subgroup generated by X. 

Let M G S' be a word such that dxiu) = d, or, equivalently, which is not an 
internal factor of X. Since u can be replaced by any of its right extensions, 
we may assume that u is odd. Let Q be the set formed of the d suffixes of u 
which are in P. 

Let us hrst show that the cosets Hq for g G Q are disjoint. Indeed, 
Hp n P[q 7 ^ 0 implies Hp = Plq. Any p,q & Q are comparable for the suffix 
order. Assuming that g is longer than p, we have q = tp for some t & P. 
Then Hp = Hq implies Ht = H and thus t G LT fl S'. By Theorem 17.8[ since 
S is acyclic and X is symmetric, this implies t G X* and thus t = e. Thus 
p = q. 

Let 

V = {v eGe\Qv G HQ] 

where the products Qv and HQ are understood in the group Gg (that is, 
with reduction). 

For any v G V the map p ^ q from Q into itself dehned by pn G idg is 
a permutation of Q. Indeed, suppose that for p,q E Q, one has pv, qv G Hr 
for some r E Q. Then rv~^ is in Hp fl Hq and thus p = g by the above 
argument. 
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The set is a subgroup of Gg. Indeed, 1 G Id. Next, let u G Id. Then 
for any q E Q, since v dehnes a permutation of Q, there is a p G Q such that 
pv G Hq. Then qv~^ G Hp. This shows that v~^ G Id. Next, if G Id, 
then Qvw C HQw C HQ and thus vw G Id. 

We show that the set TZs{u) is contained in Id. Let y G lZs{u). Since uy 
ends with u, and since u is not an internal factor of X, for any p E Q, we 
have py = xq for some x E X* and q E Q. Therefore y E V. 

By Theorem 16.151 the group generated by Tlsiu) is the even subgroup. 
Thus Id contains the even subgroup. But Id contains odd words. Indeed, let 
u G S' be such that uvu~^ G S. Then v is odd by Proposition 14.121 Moreover, 
for any p E Q there is some q E Q such that pvq~^ E X*. This implies that 
pv G X*q and thus v is in Id. Since the even subgroup is of index 2, it is 
maximal in Gg and we conclude that V = Gg. 

Thus Qw <Z HQ for any w E Gg. Since £ G Q, we have in particular w E 
HQ for any w G Gg. Thus Gg = HQ. Since Card(Q) = d, and since the right 
cosets Hq for g G Q are pairwise disjoint, this shows that if is a subgroup 
of index d. By Theorem 14.161 we have Card(X) — 2 = (i(Card(74) — 2). But 
since X generates H, and since X contains the inverses of its elements, this 
implies by Proposition 13.101 that X is a monoidal basis of H. 

Assume conversely that the hnite bihx code X C X is a monoidal basis of 
the group H = (X) and that (X) has index d. Since X is a monoidal basis, 
by Schreier’s Formula, we have Card(X) = {k — 2)d + 2, where k = Card(A). 
The case k = 1 is straightforward; thus we assume k > 2. By Theorem 18.21 
there is a hnite symmetric F-maximal bihx code Y containing X. Let e be 
the F-degree of Y. By the hrst part of the proof, X is a monoidal basis of 
a subgroup K of index e of Gg. In particular, it has (/c — 2)e + 2 elements. 
Since X C X, we have {k — 2)d + 2 < (k — 2)e + 2 and thus d < e. On the 
other hand, since H is included in K, d is a multiple of e and thus e < d. 
We conclude that d = e and thus that X = X. ■ 

Note that when X is not symmetric, the index of the subgroup generated 
by X may be diherent of ds{X), as shown in the following example. 

Example 8.3 Let T be as in Example 15.41 and let S = C(T). The set 
X = {a, ba~^, bc~^, b~^c, b~^c~^, a~^c, cb, cb~^, c~^ab~^, c~^b} is an S'-maximal 
bihx code of A-degree 2. Since b,c E (X), the group generated by X is the 
free group on A. 
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The following consequence of Theore m 18.11 is the counterpart for specular 
sets of Theorem 5.10 in [^. We give in (lol| a geometric proof and interpre¬ 
tation of Theorem 18.41 for the natural coding of a linear involution. 

Theorem 8.4 Let S be a recurrent specular set. For any subgroup H of 
finite index of the group Gg, the set of prime words in S with respect to H is 
a monoidal basis of H. 

Proof. Let X be the set of prime words in S with respect to H. The set X 
is a symmetric bihx code and the number of parses of a word of S is at most 
equal to the index d of if in Gg. Indeed, let {v,x,u) and {v',x',u') be two 
parses of a word w & S. If v, v' are in the same left coset of H, then the 
two interpretations are equal. Indeed, assume that |n| > |n'| and set v = v's. 
Then s E H and thus s G X*, which implies s = 1 by dehnition of a parse. 
Therefore X is an S'-maximal bihx code by j^. Theorem 4.2.8]. 

By Theorem 18.11 X is a monoidal basis of a subgroup K of index e. Since 
K <Z H, the index of X is a multiple of the index of H. Since e < d, we 
conclude that e = d and that K = H. ■ 

We illustrate Theorem 18.41 with the following interesting example. 

Example 8.5 Let T be as in Example 15.41 and let S = C{T). Let G be the 
group of even words in Fa- It is a subgroup of index 2. The set of prime 
words in S with respect to G is the set Y = X U X~^ with 

X = {a,ba~^c,bc~^,b~^c~^,b~^c}. 

Actually, the transformation induced by T on the set I x {0} (the upper 
part of I in Figure 15.2p is the interval exchange transformation represented 
in Figure l8Tl Its upper intervals are the Ix for x E X. This corresponds to 


„ a . iia ‘c . fee ‘ t ‘c ‘ . 6 ‘c . 

o o - - SL. - - 

Figure 8.1: The transformation induced on the upper level. 

the fact that the words of X correspond to the hrst returns to / x {0} while 
the words of X~^ correspond to the hrst returns to I x {1}. 
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8.2. A converse of the Finite Index Basis Theorem 
The following is a converse of Theorem 18.11 

Theorem 8.6 Let S be a recurrent luminary set of factor complexity Pn = 
n(Card(A) — 2) + 2. If S D is a monoidal basis of the subgroup {A^) for 
all n > 1, then S is a specular set. 

Proof. Consider w ^ S and set m = |ta|. The set X = [AwA U Aw~^A) n S 
is closed by taking inverses and it is included in T = 3(1 Since Y is 

a monoidal basis of a subgroup, X C T is a monoidal basis of the subgroup 
(X). 

This implies that the graph S{w) is acyclic. Indeed, assume that the path 
(ai, bi,..., Op, bp, ai) is a cycle in S{w) with p > 2, a* G L{w), bi G R{w) for 
I < i < p and ai ^ Op. Then aiwbi, a 2 wbi, ..., Opwbp, a\wbp G X. But 

aiwbi{a 2 wbi)~^a 2 wb 2 ■ ■ ■ apwbp{aiwbp)~^ = e, 

with ajwbj{aj+iwbj)~^ = OjOj+i 7 ^ £ (otherwise aj = aj+i), contradicting the 
fact that X is a monoidal basis. 

Since Pn = n(Card(y4) — 2 ) + 2 , we have = Card(A) — 2 and = 0 
for all n > 0. By Proposition 12.21 it implies that m{w) = 0 for all nonempty 
words w. Since £{w) is acyclic, we conclude that S{w) is a tree. 

Finally, since £{e) is acyclic, and since m{e) = —1, the graph S{e) has 
two connected components which are trees. ■ 

References 

References 

[1] Peter Balazi, Zuzana Masakova, and Edita Pelantova. Factor versus 
palindromic complexity of uniformly recurrent infinite words. Theoret. 
Comput. Sci, 380(3):266-275, 2007. 

[2] Laurent Bartholdi. Growth of groups and wreath products. 
http://arxiv.org/abs/1512.07044vl. 

[3] Jean Berstel. Transductions and context-free languages, volume 38 of 
Leitfdden der Angewandten Mathematik und Mechanik [Guides to Ap¬ 
plied Mathematics and Mechanics]. B. G. Teubner, Stuttgart, 1979. 


49 




[4] Jean Berstel, Clelia De Felice, Dominique Perrin, Christophe 
Reutenauer, and Giuseppina Rindone. Bifix codes and Sturmian words. 
J. Algebra, 369:146-202, 2012. 

[5] Jean Berstel, Dominique Perrin, and Christophe Reutenauer. Codes and 
Automata. Cambridge University Press, 2009. 

[6] Valerie Berthe, Clelia De Felice, Vincent Delecroix, Francesco Dolce, 
Julien Leroy, Dominique Perrin, Christophe Reutenauer, and Giusep¬ 
pina Rindone. Specular sets. In Combinatorics on Words, number 9304 
in Springer LNCS, pages 210-222. 2015. 

[7] Valerie Berthe, Clelia De Felice, Francesco Dolce, Julien Leroy, Do¬ 
minique Perrin, Christophe Reutenauer, and Giuseppina Rindone. 
Acyclic, connected and tree sets. Monatsh. Math., 176:521-550, 2015. 

[8] Valerie Berthe, Clelia De Felice, Francesco Dolce, Julien Leroy, Do¬ 
minique Perrin, Christophe Reutenauer, and Giuseppina Rindone. The 
finite index basis property. J. Pure Appl. Algebra, 219:2521-2537, 2015. 

[9] Valerie Berthe, Clelia De Felice, Francesco Dolce, Julien Leroy, Do¬ 
minique Perrin, Christophe Reutenauer, and Giuseppina Rindone. Max¬ 
imal bifix decoding. Dicrete Math., 338:725-742, 2015. 

[10] Valerie Berthe, Vincent Delecroix, Francesco Dolce, Dominique Perrin, 
Christophe Reutenauer, and Giuseppina Rindone. Return words of lin¬ 
ear involutions and fundamental groups. Ergodic Theory Dyn. Syst., 
2015. to appear. 

[11] Valerie Berthe and Michel Rigo. Combinatorics, automata and number 
theory, volume 135 of Encyclopedia Math. Appl. Cambridge Univ. Press, 
Cambridge, 2010. 

[12] Corentin Boissy and Erwan Lanneau. Dynamics and geometry of the 
Rauzy-Veech induction for quadratic differentials. Ergodic Theory Dy- 
nam. Systems, 29(3):767-816, 2009. 

[13] Julien Cassaigne. Complexite et facteurs speciaux. Bull. Belg. Math. 
Soc. Simon Stevin, 4(l):67-88, 1997. Journees Montoises (Mons, 1994). 


50 



[14] Thierry Coulbois, Arnaud Hilion, and Martin Lustig. R-trees and lam¬ 
inations for free groups. I. Algebraic laminations. J. Lond. Math. Soc. 
(2), 78(3):723-736, 2008. 

[15] Claude Danthony and Arnaldo Nogueira. Involutions lineaires et feuil- 
letages mesures. C. R. Acad. Sci. Paris Ser. I Math., 307(8):409-412, 
1988. 

[16] Claude Danthony and Arnaldo Nogueira. Measured foliations on nonori- 
entable surfaces. Ann. Sci. Ecole Norm. Sup. (4), 23(3):469-494, 1990. 

[17] Pierre de la Harpe. Topics in geometric group theory. Chicago Lectures 
in Mathematics. University of Chicago Press, Chicago, IL, 2000. 

[18] Francesco Dolce and Dominique Perrin. Enumeration formulae in neutral 
sets. In Developments in Language Theory - 19th International Confer¬ 
ence, DLT 2015, Liverpool, UK, .July 27-30, 2015, Proceedings., pages 
215-227, 2015. 

[19] Francesco Dolce and Dominique Perrin. Neutral and tree sets of arbi¬ 
trary characteristic. Theoret. Comput. Sci., 2016. (to appear). 

[20] Xavier Droubay, Jacques Justin, and Giuseppe Pirillo. Episturmian 
words and some constructions of de Luca and Rauzy. Theoret. Comput. 
Sci., 255(l-2):539-553, 2001. 

[21] Fabien Durand. A characterization of substitutive sequences using re¬ 
turn words. Discrete Mathematics, 179(l-3):89-101, 1998. 

[22] Amy Glen, Jacques Justin, Steve Widmer, and Luca Q. Zamboni. Palin¬ 
dromic richness. European J. Comhin., 30(2):510-531, 2009. 

[23] Michael Keane. Interval exchange transformations. Math. Z., 141:25-31, 
1975. 

[24] Luis-Miguel Lopez and Philippe Narbel. Lamination languages. Ergodic 
Theory Dynam. Systems, 33(6):1813-1863, 2013. 

[25] M. Lothaire. Algebraic Combinatorics on Words. Cambridge University 
Press, 2002. 


51 



[26] Roger C. Lyndon and Panl E. Schnpp. Combinatorial Group Theory. 
Classics in Mathematics. Springer-Verlag, 2001. Reprint of the 1977 
edition. 

[27] Wilhelm Magnns, Abraham Karrass, and Donald Solitar. Combinatorial 
group theory. Dover Pnblications, Inc., Mineola, NY, second edition, 
2004. 

[28] David E. Mnller and Paul E. Schnpp. Groups, the theory of ends, and 
context-free languages. J. Comput. System Sci., 26(3):295-310, 1983. 

[29] Arnaldo Nogueira. Almost all interval exchange transformations with 
flips are nonergodic. Ergodie Theory Dynam. Systems, 9(3):515-525, 
1989. 

[30] Arnaldo Nogueira, Benito Pires, and Serge Troubetzkoy. Orbit structure 
of interval exchange transformations with flip. Nonlinearity, 26(2):525- 
537, 2013. 

[31] Edita Pelantova and Stepan Starosta. Palindromic richness for languages 
invariant under more symmetries. Theoret. Comput. Sci., 518:42-63, 
2014. 


52 



